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Abstract  
Matching terminology was defined on sequences of the form 1 2 ... mi i i  such that 1 21 ... mi i i n≤ ≤ ≤ ≤ ≤ .  
We review previous matching results and extend the matching condition. and obtain the probability 
distribution of the number of matches  as an extension to the previous results.  An illustrative computation 
is given for each case. 
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1. Introduction  
In some statistical problems, the data obtained 
is in the form of ordered sequences of positive 
integers  1 2 ... mi i i   where   
1 21 ... mi i i n≤ ≤ ≤ ≤ ≤ , n, m N +∈ .   
For example, when   m persons are to be served 
by n service stands or m computer jobs to be 
executed by n processors , taking  m=4, n=5,  the 
sequence 2355, means that  one person is being 
served by stand  # 2,  one person is being  served 
by stand #3, and two persons are being served by 
stand #5.  
We will approach the problem from a 
mathematical point of view as follows: 
 Let  1 2 ... mi i i    be an arrangement of m integers 
such that  1 21 ... mi i i n≤ ≤ ≤ ≤ ≤ , where n, 
m N +∈  . Such an arrangement is called an   
increasing ordered word of m positive   integers  
taken from the set of positive integers 
A={1,2,…,n} . The number of all such ordered 
words for fixed n, m is equal to  
1
1
n m
n
+ −
−
⎛ ⎞⎜ ⎟⎝ ⎠  , see [9]. 
Such arrangements   form sequences of weak 
discrete record values, see[1,2]    
Treating   the element ji .as the value of the jth 
record value ji  =1,2,…,n.  The probability   
distribution of  ,nm jI , the j
th record , is given by the 
following theorem,( see [5] where these records 
were given the name " artificial order statistics".) 
 
Theorem 1.1 
For m<n, the probability function of   ,nm jI is 
given by 
1
1
n m
n
+ −
−
⎛ ⎞⎜ ⎟⎝ ⎠ P( 
n
jmI , =i)= 
2
1
i j n m i j
i m i
+ − + − −
− −
⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠  , 
     j=1,2, …, n ; i=1,2, …,m.                             (1.1) 
The joint   probability distribution of  the k records  
1,
n
m jI , 
2,
n
m j
I ,…, , k
n
m jI  (termed as artificial order 
statistics) is given by the following theorem:  
 
Theorem 1.2  
1
1
n m
n
+ −
−
⎛ ⎞⎜ ⎟⎝ ⎠P( 1,nm jI = 1i , 2,nm jI = 2i ,…, , knm jI = ki )= 
 
   {
1 1
1
2
1
i j
i
+ −
−
⎛ ⎞⎜ ⎟⎝ ⎠
2 2 1 1
2 1
i j i j
i i
+ − −
−
⎛ ⎞⎜ ⎟⎝ ⎠  
1 1
1
k k k k
k k
i j i j
i i
− −
−
+ − −
−
⎛ ⎞⎜ ⎟⎝ ⎠
k k
k
n m i j
m i
+ − −
−
⎛ ⎞⎜ ⎟⎝ ⎠ }                     
1 ≤ 1i ≤ 2i ≤… ≤ ki ≤m, 
1 21 ... kj j j n≤ < < < ≤                              (1.2) 
In [6] , the records  ,nm jI ,  j=1,2,…,n  are treated 
as a naturally ordered sample , the mean and 
variance  are given by  the following corollary: 
Corollary 1.1  
The mean and variance of ,nm jI  , j=1,2,…,m, 
are given  , respectively ,by  
E( ,nm jI ) =   
m
n
   +j 1
1
( )
( )
m m
n n
−
+                          (1.3) 
and 
Var( ,nm jI )= (m/n -m
2/n2)+j((m-1)/(n+1)){2m(n-
m)/n2+(n+m)/(n+2)}+j2((m-1)/(n+1)) 
{(m-2)/(n+2-m2(m-1)/n2(n+1)}                         (1.4)   
when m=n.      
Also, the   probability distribution of the range, 
W= 1, ,n nm n mI I− , is given by the following theorem: 
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Theorem 1.3 
The distribution of the range W= 1, ,n nm n mI I− ,   is 
given by  
 
P(W=r)=
2
1
1
( )
n r
r
n m
m
m r
+ −
+ −
−
⎛ ⎞− ⎜ ⎟⎝ ⎠
⎛ ⎞⎜ ⎟⎝ ⎠
,    r=0,1,2,…,m-1     (1.5) 
The matching  problem  was defined on these 
records in what follows. 
For m ≤ n,  inspired by the well known 
matching problem (problem de réncontre, see 
Parzen p.78), a matching problem defined on the 
elements 1 2 ... mi i i  as follows: 
  
Definition 1.1 
A match is said to have occurred in the jth place  
if ji j=  , j=1,2,…,m. 
Let mnH  be the number of matches, 
m
nh =1,2,…,m,  the distribution of  mnH  , for n=m 
is given  by the following theorem. 
 
Theorem 1.4  
2 1
1
n
n
−
−
⎛ ⎞⎜ ⎟⎝ ⎠ P(
n
nH =k)=
2 1 2n
n k
k
n k
−
−
⎛ ⎞⎜ ⎟ +⎝ ⎠ ,    k=1,2,…,n    (1.6) 
 
Theorem 1.4  is an extended to the case where 
mn ≥ , to get the next theorem, see[5] for 
references.   
  
 Theorem 1.5 
1
1
( )
n m
m
nn
P H k
+ −
−
⎛ ⎞ = =⎜ ⎟⎝ ⎠
1 2n m
m k
n m k
n k
+ −
−
− +⎛ ⎞⎜ ⎟ +⎝ ⎠ , 
k=0,1,….,m                                                       (1.7) 
 
In [5],  , the matching condition  is extended  to 
be as given by the following definition. 
Definition 1.2 
An extended match is said to have occurred if 
ji j= or j+1, j=1, 2… n-1. 
   Let  mnH%  be the number of extended matches, 
m
nh =% 1, 2… n-1. For m=n-1, the following theorem 
was proved. 
 
Theorem 1.6 
 
2 2
1
1
2 22 1 2 1
2 2
( ) , , ,...,
kn
n
nn
n k kP H k k n
n kC n k
−
−
−
− −⎛ ⎞⎛ ⎞ = = = −⎜ ⎟ ⎜ ⎟− − −⎝ ⎠ ⎝ ⎠
&&& ,  (1.8)                                
A further extension  to theorem 1.6 is made, see 
[7] by taking m<n  , m,n=1,2,3…. The distribution 
of  mnH%  is given by the following theorem. 
 
Theorem 1.7 
1
1
( )
n m
m
nn
P H k
+ −
−
⎛ ⎞ = =⎜ ⎟⎝ ⎠
% 1
1
12
1
n m k
k
n
n m k
n m k
+ − −
−
− + −⎛ ⎞⎜ ⎟ + − −⎝ ⎠        
k=1,2,….,m                                                       (1.9) 
 
In the next section, we are going to take m≥   n 
and find the distribution of  the  extended  number 
of matches, mnH%  , and prove the following theorem. 
 
2.  Main result 
 
Theorem 2.1  
For m ≥ n , we have 
   
1
1
n m
n
+ −⎛ ⎞−⎜ ⎟⎝ ⎠ ( )
m
nP H k=%  = 2k-1
m n k
n k
+ −
−
⎛ ⎞⎜ ⎟⎝ ⎠
m n k
n m k
− +
+ − , 
k=1,2,…,n                                                        (1.10)                 
 
Proof of theorem 2.1: 
Let the indicator 0ks =   or 1 according 
whether, in the sequence 1 2 ... mi i i  , ki =k or (k+1) 
respectively, k=1,2,….,n. Then the number, 
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N(n,,m,k), of sequences 1 2 ... mi i i  in which there are 
k matches, inclusive, will be  
 
1
1 1 2 1 2 1
01 1 1 2 1
2 2 2 2 1
   
    1         1, ...
( , , )
j k kS i i i n
i s i i s s
N n m k
i i i= ≤ < < < ≤
− + − + − −⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜− − −⎝ ⎠ ⎝ ⎠∑ ∑  
 
1 1 k
k 1 k
2 2 1 n m-2i
 
           i 1         n-i
k k k k k
k
i i S S S
i
− −
−
− + − − + −⎛ ⎞ ⎛ ⎞⎜ ⎟ ⎜ ⎟− −⎝ ⎠ ⎝ ⎠
….., 
k=1,2,…,n.                                                        (2.1) 
In (2.1), we put 1 1 1 2( ) , , , ...,j j ji i l j n−− − = = ,  
with 0 0i = ,  to get 
 
1 1 1
1 1
2 2 1 2
0 1 0, ,
( , , ) ...
k k k
k k
j j
l s l s m n l
l l n l
s l l n k
N n m k
+
+
+ + + − −
−= ≥ = −
⎛ ⎞ ⎛ ⎞⎛ ⎞= ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠∑∑ ∑ , 
(2.2) 
Repeated application of Gould's result, see [3] page 
148  and  [4] page 4 , yields 
   
11 1
1 1
2 2 1
12
,
( , , ) ...
k k
k k
j
l l m n l
k
l l n l
l n k
N n m k
+
+
+ − +
−
−= −
⎛ ⎞ ⎛ ⎞ ⎛ ⎞= ⎜ ⎟ ⎜ ⎟⎜ ⎟⎝ ⎠ ⎝ ⎠⎝ ⎠∑∑ , 
                                                                           (2.3) 
 
 Using the same procedure as in [5], the sum (2.3) 
will be equal to  
 
 
N(n,m,k)=2k-1
1 1
0
n k k j n m
j n k j
j
− − + + −
− −=
⎛ ⎞ ⎛ ⎞⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠∑                      (2.4) 
Employing the inclusion exclusion formula, see [8], 
p76, we get        
 
11
1 1
1( ) ( ) ( , , )
n jn m
m j k
nn k
j k
P H k N m n j
−+ −
−
− −=
⎛ ⎞⎛ ⎞ ≥ = −⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠∑%
                                                                           (2.5) 
 
In (2.5) we put j-k=l , l=0,1,2, ..,n-k ang using 
Gould's result again, we get , we get 
1
1
1
2(
n m n m k
m k
nn n k
P H k
+ − + −−
− −
⎛ ⎞ ⎛ ⎞≥ =⎜ ⎟ ⎜ ⎟⎝ ⎠ ⎝ ⎠
%                      (2.6) 
From which we get 
1
1
( )
n m
m
nn
P H k
+ −
−
⎛ ⎞ =⎜ ⎟⎝ ⎠
% =2k-1
m n k
n k
+ −
−
⎛ ⎞⎜ ⎟⎝ ⎠
m n k
n m k
− +
+ − , 
k=1,2,…,n                                                          (2.7)                         
                                  
 Corollary 2.1:  For large m, n such that m, n ∞→  
and  Y= W/m1/2, we have   
P(Y>y)= 2y ye α− −  ,  y>0,  0α →  when  n→∞ . 
                                 
3- Illustrative Examples: 
 
Example 1 
 For n=m =3 and ji j = , j=1, 2, 3, we have the 
following arrangements: 
111, 112, 113, 122, 123, 133, 222, 223, 233, 333 
The corresponding numbers of matches are, 
respectively: 
 1, 1, 2, 2, 3, 2, 1, 2, 1, 1.  And we have the 
following table for 
2 1
1
n
n
−
−
⎛ ⎞⎜ ⎟⎝ ⎠ P(
n
nH =k) 
 
2 1
1
n
n
−
−
⎛ ⎞⎜ ⎟⎝ ⎠ P(
n
nH =k)  =
2 1 2n
n k
k
n k
−
−
⎛ ⎞⎜ ⎟ +⎝ ⎠  
 
     Table 3.1 
K Number of matches 
1 5 
2 4 
3 1 
   
Example 2 
 For n>m,  with m=3, n=4 and  ji j= , j=1,2,3, we 
have the following arrangements . 
111,  112,  113,  114,   122, 123, 124, 133,134, 144,   
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222, 223,224,  233,234, 244, 333, 334, 344, 444.  
 The corresponding number of matches is, 
respectively: 
1, 1, 2, 1, 2, 3, 2, 2, 1, 1, 1, 1, 1, 2, 0, 0, 1, 0, 0, 0.  
And     we     have     the     following     table     for   
 
1
1
( )
n m
m
nn
P H k
+ −
−
⎛ ⎞ =⎜ ⎟⎝ ⎠ , k=0,1,2,3. 
 
1
1
( )
n m
m
nn
P H k
+ −
−
⎛ ⎞ =⎜ ⎟⎝ ⎠ = 
1 2n m
m k
n m k
n k
+ −
−
− +⎛ ⎞⎜ ⎟ +⎝ ⎠  
Table 3.2 
K Number of matches 
0 5 
1 9 
2 5 
3 1 
 
Example 3 
 For n≥m,  with n=4, m=3 and  ji j=  or (j+1), 
we have the following arrangements: 
111, 112, 113, 114,  122, 123, 124, 133,134, 144,  
222, 223,224,  233,234, 244, 333, 334, 344, 444 
The corresponding number of matches are 
respectively, 
1, 1 2, 2, 2, 3, 3, 3, 3, 2, 2, 3, 3, 3, 3, 2, 2, 2, 1, 1.  
 And we have the following table for  
1
( )
n m
m
nn
P H k
+ −
−
⎛ ⎞ =⎜ ⎟⎝ ⎠
% ,k=1,2,3.                             
1
( )
n m
m
nni
P H k
+ −⎛ ⎞ = =⎜ ⎟⎝ ⎠
% 1
1
12
1
n m k
k
n
n m k
n m k
+ − −
−
− + −⎛ ⎞⎜ ⎟ + − −⎝ ⎠  
 
Table 3.3 
K Number of matches 
1 4 
2 8 
3 8 
Example 4 
 For n≤  m,  and   ji j=  or (j+1) with n=3 and 
m=4, we have the following arrangements: 
1111, 1112, 1113, 1122, 1123, 1133, 1222, 1223, 
1233, 1333, 2222, 2223, 2233,  
2333, 3333 
   The corresponding number of matches are , 
respectively  
1, 1, 1, 1, 1, 2,2,2, 3, 3, 2, 2, 3, 3, 2. 
We have the following table for 
1
1
n m
n
+ −⎛ ⎞−⎜ ⎟⎝ ⎠ ( )
m
nP H k=% =2k-1 
m n k
n k
+ −
−
⎛ ⎞⎜ ⎟⎝ ⎠
m n k
n m k
− +
+ − , 
 k=1,2,…,n  
  
Table 3.4 
K Number of matches 
1 5 
2 6 
3 4 
 
We see, from tables, that the computational results 
agree with the theoretical ones. 
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